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Abstract
Relations between Laplacian eigenvectors and eigenvalues and the existence of almost equitable
partitions (which are generalizations of equitable partitions) are presented. Furthermore, on the basis of
some properties of the adjacency eigenvectors of a graph, a necessary and sufficient condition for the graph
to be primitive strongly regular is introduced.
c© 2006 Elsevier Ltd. All rights reserved.
1. Introduction
Throughout this paper we consider a simple graph G of order n with a set of vertices V (G)
and a set of edges E(G). An element of E(G), which has the vertices i and j as end-vertices,
is denoted by i j . If v ∈ V (G), then we denote the neighborhood of v by NG (v), that is,
NG (v) = {w : vw ∈ E(G)}. The number of neighbors of v ∈ V (G) will be denoted by
dG(v) and called, as usual, the degree of v. Given a subset of vertices S of a graph G, the vector
x ∈ RV with xv = 1 if v ∈ S and xv = 0 if v ∈ S is called the characteristic vector of S.
Throughout this paper, AG will denote the adjacency matrix of the graph G of order n > 1, that
is, AG =
(
ai j
)
n×n is such that
ai j =
{
1, if i j ∈ E(G)
0, otherwise.
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Note that AG is a symmetric matrix and thus has n real eigenvalues. The spectrum of a matrix
A (that is, the set of its eigenvalues) will be denoted by σ(A), and the null space by Ker(A).
Throughout the text eˆ will denote the all-ones vector with n components and I will denote the
identity matrix.
Given a k-partition of V (G), π = (V1, . . . , Vk), the matrix Pπ whose columns are the
characteristic vectors of the subsets V1, . . . , Vk will be called the characteristic matrix of π . It is
known that a k-partition π = (V1, . . . , Vk) of V (G) is equitable if for any pair i, j ∈ {1, . . . , k}
and ∀v ∈ Vi the number
mij = |NG (v) ∩ Vj | (1)
depends only on i and j , i.e., the number of neighbors which a vertex in Vi has in Vj is
independent of the choice of the vertex in Vi .
Equitable partitions were introduced in [4–6]. In the last of these, equitable bipartitions are
used to obtain information about eigenvalues and eigenvectors of graphs. Equitable partitions
appear related to automorphism groups of graphs [9], walk partitions and colorations [7],
distance-regular graphs and covering graphs (see [3] for details and further references). Recent
applications of equitable partitions may be found in [8] applied to the study of graphs with three
eigenvalues and in [10] applied to the study of correlation structure of landscapes.
The quotient graph G/π of G with respect to the equitable k-partition π is a multi-digraph
with the subsets of π , V1, . . . , Vk , as its vertices and with di j arcs going from Vi to Vj . We define
now an almost equitable k-partition of the vertices of G, a k-partition of V (G) π = (V1, . . . , Vk),
such that ∀i, j ∈ {1, . . . , k} with i = j
∀x ∈ Vi |NG (x) ∩ Vj | = di j .
According to this definition, every equitable partition is almost equitable, but the converse, in
general, is not true. However, when the graph is regular, the concepts of almost equitable partition
and equitable partition are the same.
In relation to an almost equitable k-partition π , let us define also the generalized Laplacian
matrix Lπ as the k × k matrix such that
(Lπ)i j =
{−di j if i = j,
si otherwise,
where si = ∑ j =i di j . When π is an equitable partition then Lπ is the Laplacian matrix of the
quotient graph G/π .
It must be noted that every graph admits an almost equitable partition. In fact, every graph of
order n admits the almost equitable n-partition π = (V1, . . . , Vn), where each Vi is a singleton.
Another almost equitable partition which every graph admits is the 1-partition π = (V1),
where V1 = V (G). These almost equitable partitions will be called trivial almost equitable
partitions.
If π is the trivial almost equitable n-partition then Lπ = L, where L is the Laplacian matrix
of G. If π is the trivial almost equitable 1-partition then Lπ = 0.
As an example, the graph C5, depicted in Fig. 1, admits the almost equitable 3-partition
π = (V1, V2, V3), where V1 = {1}, V2 = {2, 5} and V3 = {3, 4}. Therefore, the Laplacian
matrix Lπ of this almost equitable k-partition is the 3 × 3 matrix
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Fig. 1. Example of an almost equitable 3-partition of C5.
Lπ =
⎛
⎝
V1 V2 V3
V1 2 −2 0
V2 −1 2 −1
V3 0 −1 1
⎞
⎠.
2. Laplacian matrices and almost equitable partitions
The next two propositions follow from Lemmas 2.1 and 2.2 of Chapter 5 of [3], which give
similar results considering equitable partitions and adjacency matrices.
Proposition 1. Let G be a graph, L its Laplacian matrix, π = (V1, . . . , Vk) a k-partition of
V (G) and Pπ the characteristic matrix of π . Then π is an almost equitable k-partition if and
only if there is a k × k matrix B such that
L Pπ = Pπ B. (2)
If π is an almost equitable k-partition then B is the generalized Laplacian matrix Lπ .
Proof. Suppose that π is an almost equitable k-partition. Let us start by considering the matrix
product Pπ Lπ . Suppose that i ∈ Vj . Then the entries of the line (Pπ Lπ)i are given by
−d j1 . . . − d j, j−1
∑
r = j
d jr − d j, j+1 . . . − d j,k .
Now, let us consider the matrix product L Pπ . Suppose again that i ∈ Vj . Then the entries of the
line (L Pπ )i are given by
−|V1 ∩ NG (i)| . . . − |Vj−1 ∩ NG (i)| dG(i) − |Vj ∩ NG (i)|
− |Vj+1 ∩ NG (i)| . . . − |Vk ∩ NG (i)|
where dG(i) is the degree of vertex i in G. Taking into account that dG(i) − |Vj ∩ NG (i)| =∑
r = j d jr and |Vr ∩ NG (i)| = d jr , for r = j , this line is equal to
−d j1 . . . − d j, j−1
∑
r = j
d jr − d j, j+1 . . . − d j,k
and thus L Pπ = Pπ Lπ .
Conversely, suppose that π is a k-partition of V (G) that satisfies (2). Hence each column of
L Pπ is the linear combination of the columns of Pπ . Consequently, each column of L Pπ is
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constant on the indices corresponding to vertices in the same subsets of π . Finally, for i = j ,
(L Pπ )i j =
n∑
r=1
Lir Pπr j = −
∑
r∈NG (i)
Pπr j = −|NG (i) ∩ Vj |
and |NG (i) ∩ Vj | = −(L Pπ )i j = −(L Pπ )t j = |NG (t) ∩ Vj | for every t in the same subset as
i , leading to the conclusion that π is an almost equitable k-partition. 
Proposition 2. Let G, Lπ , Pπ and L as defined in Proposition 1. Then
u ∈ Ker(Lπ − λI ) \ {0} ⇔ Pπ u ∈ Ker(L − λI ) \ {0}.
Proof.
u ∈ Ker(Lπ − λI ) \ {0} ⇔ Lπ u = λu (3)
⇔ Pπ Lπu = λPπ u (4)
⇔ L Pπ u = λPπ u (5)
⇔ Pπ u ∈ Ker(L − λI ) \ {0}. (6)
It must be noted that the equivalence between (3) and (4) follows on taking into account that the
columns of Pπ are linearly independent and the equivalence between (4) and (5) follows from
the equality (2). Finally, the equivalence between (5) and (6) follows on taking into account that
u = 0 and, again, from the linear independence of the columns of Pπ . 
The next proposition is a direct consequence of the ones above and can help to find out
whether there exists an almost equitable partition (which is equitable when the graph is regular)
for particular graphs.
Proposition 3. Let L be the Laplacian matrix of the graph G. If π = (V1, . . . , Vk) is an
almost equitable k-partition of G, then the spectra σ(Lπ ) and σ(L) satisfy σ(Lπ ) ⊂ σ(L)
and ∀λ ∈ σ(Lπ ), ∃u ∈ Ker(L − λI ) \ {0} such that ∀ j ∈ {1, . . . , k}
∀r, s ∈ Vj ur = us . (7)
Proof. Assuming that L is the Laplacian matrix of the graph G and π = (V1, . . . , Vk) is an
almost equitable k-partition of G, then from Proposition 2 it follows that ∀λ ∈ σ(Lπ ) and
∀u ∈ Ker(Lπ − λI ) \ {0}
L Pπ u = λPπ u.
Therefore, Pπ u ∈ Ker(L − λI ) \ {0} and, from the definition of the characteristic matrix Pπ , it
follows that ∀ j ∈ {1, . . . , k} and
∀r, s ∈ Vj (Pπ u)r = (Pπ u)s . 
Therefore, if there exists an almost equitable bipartition (that is, a 2-partition) for a graph with
Laplacian matrix L, then L has at least two eigenvectors defining (by their subsets of components
with constant values) the almost equitable bipartition. More generally, if there exists an almost
equitable k-partition then L has k eigenvectors defining such an almost equitable k-partition.
However, since the Laplacian matrix always has an eigenvector with eigenvalue equal to zero
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Fig. 2. Graph without any nontrivial almost equitable partition.
and components with equal value, then the definition of the nontrivial almost equitable k-partition
must be obtained from the remaining k − 1 eigenvectors.
As a direct consequence of Proposition 3, we may conclude that there exist graphs
without any nontrivial almost equitable partition, as is the case for the graph of Fig. 2.
In fact, from the spectrum of the Laplacian matrix of the graph of Fig. 2, σ(L) =
{0, 0.7312, 2.1353, 3.4659, 4.5494, 5.1183}, we may conclude that each eigenspace has
dimension 1. Therefore if there exists an almost equitable k-partition, with 1 < k < 6,
then it will be defined by at least two of the eigenvectors (that is, there exist two Laplacian
eigenvectors with constant values for the same subsets of components). Analyzing the Laplacian
eigenvectors
u1 u2 u3 u4 u5 u6
0.0995 0.1040 −0.2376 0.3286 0.8051 1.0000
−0.4097 −0.3692 0.5858 −0.3730 0.2164 1.0000
0.8410 −0.2308 0.1549 −0.1147 −0.1886 1.0000
−0.1808 0.2799 0.3392 0.6718 −0.3949 1.0000
−0.0727 0.6988 −0.1902 −0.5365 −0.1255 1.0000
−0.2774 −0.4827 −0.6521 0.0238 −0.3125 1.0000,
the eigenvector u6 is the unique eigenvector that has two components with equal value. Therefore,
there exists only one almost equitable k-partition, with k > 1, which is the trivial almost equitable
6-partition.
Proposition 4. Let G be a graph with Laplacian matrix L. If G has an almost equitable
bipartition (that is, a 2-partition) π = (V1, V2) such that ∀x ∈ V1, |NG (x) ∩ V2| = τ2 and
∀x ∈ V2, |NG (x) ∩ V1| = τ1, then
τ1 + τ2 ∈ σ(L) ∩ σ(Lπ ).
Proof. According to the definition of π it follows that
Lπ =
[
τ2 −τ2
−τ1 τ1
]
and then σ(Lπ ) = {0, τ2 + τ1}. Therefore, by Proposition 2, the result follows. 
For instance, for the graph of Fig. 3, π = ({1, 5}, {2, 3, 4, 6}) is an almost equitable bipartition
and the eigenvalues of Lπ are 0 and τ2 + τ1 = 2 + 1 = 3.
As an immediate consequence of the above proposition we have the following corollary.
Corollary 1. If a graph G of order n > 2 has no integer Laplacian eigenvalues different from
zero then there are no almost equitable bipartitions in G.
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Fig. 3. Graph with only two almost equitable bipartitions π = {{1, 5}, {2, 3, 4, 6}} and π ′ = {{2, 5}, {1, 3, 4, 6}}.
Therefore, since the graph of Fig. 1 has the Laplacian spectrum σ(L) = {[0.0000]1, [1.3820]2,
[3.6180]2}1 this graph has no almost equitable bipartitions. Nevertheless, there are graphs
with an integer Laplacian eigenvalue λ = 0 and equitable bipartitions π ; none of them
is such that λ ∈ σ(Lπ ). This is true for the graph of Fig. 3, for which 2 ∈ σ(L) =
{[0]1, [0.7639]1, [2]1, [3]2, [5.2361]1} but 2 ∈ σ(Lπ ) = σ(Lπ ′).
3. Adjacency eigenvectors of strongly regular graphs
According to [3], a strongly regular graph G is primitive if both G and its complement
G¯ are connected; otherwise it is called imprimitive. A strongly regular graph with parameters
(n, p; a, c) is imprimitive if and only if c = p or c = 0 (see [3], p. 178).
Denoting the distance between the vertices x and y in a graph G by dG(x, y), it is known [3]
that G is distance-regular if and only if the distance partition V0, V1, . . . , Vd is equitable, where
we fix v ∈ V (G), Vi = {x ∈ V (G) : dG(v, x) = i}, for i = 1, . . . , d , and d is the diameter of
G. Therefore, since a strongly regular graph is a distance-regular graph with diameter 2, we may
conclude the following well known result (see [3]).
Proposition 5. A graph G is strongly regular with parameters (n, p; a, c) if and only if ∀k ∈
V (G), defining NG [k] = NG (k) ∪ {k}, there exists the equitable 3-partition πk = (V0, V1, V2),
where V0 = {k}, V1 = NG (k) and V2 = V (G) \ NG [k], for which
Lπk =
⎛
⎝
V0 V1 V2
V0 p −p 0
V1 −1 p − a −(p − a − 1)
V2 0 −c c
⎞
⎠.
Let G be a p-regular graph, with Laplacian matrix L; then
AGv = λv ⇔ Lv = (pI − AG)v = (p − λ)v. (8)
If G is strongly regular, with parameters (n, p; a, c), then, from Proposition 5, ∀k ∈ V (G) there
exists the equitable 3-partition π = ({k}, NG (k), V (G) \ NG [k]) and, by Proposition 2,
σ(Lπ ) ⊆ σ(L).
Therefore, since from (8) λ ∈ σ(L) iff p − λ ∈ σ(AG), we may conclude that
σ(pI − Lπ) ⊆ σ(AG),
1 The exponent denotes the multiplicity of the eigenvalue.
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with
pI − Lπ =
⎡
⎣0 p 01 a p − a − 1
0 c p − c
⎤
⎦ .
In fact, since the characteristic polynomial of pI − Lπ has the same roots as the ones obtained
from the parameters of the strongly regular graph G with parameters (n, p; a, c), we may
conclude that
σ(pI − Lπ ) = σ(AG). (9)
Now we have the following proposition.
Proposition 6. Let G be a connected graph of order n with at least one edge, p ∈ N and
λ ∈ N \ {p} an adjacency eigenvalue of G. Then G is a primitive strongly regular graph with
parameters (n, p; a, c) if and only if ∀k ∈ V (G) ∃vk ∈ Ker(AG − λI ) \ {0} such that
vki =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1 if i = k,
λ
p
if i ∈ NG (k),
cλ
p(λ − (p − c)) if i ∈ V (G) \ NG [k],
(10)
with p = c = 0.
Proof. (⇒) Let G be a primitive strongly regular graph with parameters (n, p; a, c). Then
p = c = 0 and, according to Proposition 5, there exists an equitable 3-partition π =
({k}, NG (k), V (G) \ NG [k]), where k ∈ V (G), such that
Lπ =
⎡
⎣ p −p 0−1 p − a −(p − a − 1)
0 −c c
⎤
⎦ .
Let λ = p be an eigenvalue of AG . Then, denoting by L the Laplacian matrix of G, taking
into account (8), it follows that p − λ = β ∈ σ(L) and, by (9), β ∈ σ(Lπ ) with β = 0. If
u is the eigenvector of Lπ corresponding to β then
Lπ u = βu ⇔
⎧⎨
⎩
pu1 − pu2 = βu1,
−u1 + (p − a)u2 − (p − a − 1)u3 = βu2,
− cu2 + cu3 = βu3.
(11)
If u1 = 0 then, according to (11), u = 0. Thus, we may conclude that u1 = 0 and,
without loss of generality, we may assume that u1 = 1. As a consequence, u2 = p−βp and
u3 = c(p−β)p(c−β) . Note that c − β = 0 ⇒ p − β = 0 and thus p = c, which implies that G is
imprimitive, contradicting the hypothesis.
With Pπ being the characteristic matrix of π , from Proposition 2, it follows that
vk = Pπ u is an eigenvector of L, corresponding to the eigenvalue β and such that vkk = 1,
vki = p−βp ∀i ∈ NG (k) and vkj = c(p−β)p(c−β) ∀ j ∈ V (G) \ NG [k].
Finally, according to (8), the vector vk is also an eigenvector of AG corresponding to
the eigenvalue λ = p − β and thus vki = λp ∀i ∈ NG (k) and vkj = cλp(λ−(p−c)) ∀ j ∈
V (G) \ NG [k].
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(⇐) Suppose that ∀k ∈ V (G) ∃vk ∈ Ker(AG − λI ) \ {0} as described in (10). First,
note that λ = 0; otherwise vk will be 0 in all its components except for vkk = 1 and
∀i ∈ {1, . . . , n} (AGvk)i = 0 which leads to k being an isolated vertex, contradicting the
hypothesis that G is connected.
Now, let us prove that G is strongly regular.
(1) From (AGvk)k = λvkk ⇔
∑
j∈NG (k) v
k
j = λ ⇔ |NG (k)| λp = λ ⇔ |NG (k)| = p we
conclude that G is p-regular.
(2) Let k, j ∈ V (G) with k j ∈ E(G). Hence j ∈ NG (k) and
(AGvk) j = λvkj ⇔ 1 +
∑
i∈NG (k)∩NG ( j )
λ
p
+
∑
i∈(V (G)\NG [k])∩NG ( j )
cλ
p(λ − (p − c)) =
λ2
p
.
Let a = |NG (k) ∩ NG ( j)|. Then the last equality is equivalent to
1 + a λ
p
+ (p − a − 1) cλ
p(λ − p + c) =
λ2
p
(
cλ
p(λ − p + c) −
λ
p
)
a = 1 + (p − 1) cλ
p(λ − p + c) −
λ2
p

aλ(c − (λ − p + c)) = p(λ − p + c) + (p − 1)cλ − λ2(λ − p + c)

a = (p − λ
2)(λ − p + c) + (p − 1)c
(p − λ)
leading to the conclusion that for k j ∈ E(G), a = |NG (k) ∩ NG ( j)| does not depend
on the chosen vertices k and j .
(3) Let k, j ∈ V (G) with k = j and k j ∈ E(G). Hence j ∈ V (G) \ NG [k] and
(AGvk) j = λvkj ⇔
∑
i∈NG (k)∩NG ( j )
λ
p
+
∑
i∈(V (G)\NG [k])∩NG ( j )
cλ
p(λ − p + c) =
cλ2
p(λ − p + c) .
Let q = |NG (k) ∩ NG ( j)|. Then the last equality is equivalent to
q
λ
p
+ (p − q) cλ
p(λ − p + c) =
cλ2
p(λ − p + c)

q = c(λ − p)
(λ − p) = c
leading to the conclusion that for k j ∈ E(G), |NG (k) ∩ NG ( j)| = c does not depend
on the chosen vertices k and j .
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Therefore, according to (1)–(3), G is a strongly regular graph with parameters
(n, p; a, c). Finally, the primitivity comes immediately from the hypothesis (0 = c =
p). 
As a consequence of Proposition 6, by algebraic manipulation (or using counting arguments)
we may conclude that if S is a maximum stable set of a primitive strongly regular graph G, with
parameters (n, p; a, c), then
∀k ∈ S α(G) =
∑
j∈NG(k)
|NG ( j) ∩ S|
c
− p − c
c
. (12)
According to [1], a (k, τ )-regular set S of a graph G is a subset of vertices which induces in G a
k-regular subgraph such that every vertex out of S has τ neighbors in it. From this definition it is
immediate that for all τ > 0 a (0, τ )-regular set of a graph is a maximal stable set. Taking into
account (12), if a maximum stable set S of a primitive strongly regular graph G, with parameters
(n, p; a, c), is (0, τ )-regular then
α(G) = p(τ − 1) + c
c
. (13)
On the other hand, if T ⊂ V (G) is (0, τ )-regular and λ1 and λ2 are the restricted eigenvalues of
G, with λ2 < 0 < λ1, then it is known [1] that λ2 = −τ and also that c − p = λ1λ2. Therefore,
according to Proposition 2.4 in [2], T is a maximum stable set and thus (13) implies
α(G) = −λ2 p − λ1
c
.
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